Detailed formulas were derived by using Yeh's formulation of the extended 2 ϫ 2 Jones matrix and applied to twisted nematic liquid-crystal displays at oblique angles of incidence. Numerical comparisons of this extended Jones matrix method with the exact 4 ϫ 4 Berreman matrix and with the extended Jones matrix of Lien are presented. The various extended Jones matrix formulations differ in their approach to boundarycondition matching between the model birefringent layers. We show that Yeh's version is a more accurate approximation to the full 4 ϫ 4 matrix. This extended Jones matrix method is fast, direct, and simple. It is also physically more intuitive.
INTRODUCTION
Numerical simulation is an important tool in the design and the optimization of the electro-optical properties of liquid-crystal displays (LCD's). The optical properties of commonly used twisted nematic (TN) 1, 2 and supertwisted nematic (STN) 3 displays depend strongly on a large set of material and cell parameters. There are only a few cases where the optical properties of the LCD can be obtained analytically, a notable exception being the Mauguin modes of 90°TN displays. 4 At oblique incidence or when a voltage is applied to the cell, the problem of obtaining the transmission or reflection coefficients of any LCD has to be solved numerically.
For numerical simulations of such situations, the typical approach is to treat the LCD as a stack of N birefringent plates, with the optical axis of each plate twisted slightly from the next. N is usually a number less than 100 such that the twist angle between adjacent plates is small. Exact solutions can be obtained by Berreman's 4 ϫ 4 matrix approach, 5 which takes into account the effects of refraction and multiple reflections of the electromagnetic wave between plate interfaces. This exact Berreman matrix calculation requires lengthy calculations, however. Over the years many approximations to this scheme have been proposed. For example, the exact Berreman matrix can be approximated by the fast 4 ϫ 4 matrix. 6 Fabry-Perot effects associated with the 4 ϫ 4 matrix can also be eliminated by spectral averaging. 7 These methods have been found to be more practical in reducing the computation time while maintaining a reasonable accuracy.
In another approach there were several attempts to generalize or extend the 2 ϫ 2 Jones matrix to the case of oblique angles of incidence. [8] [9] [10] [11] [12] [13] Yeh first discussed the case of a single birefringent plate, using the principle of refraction of light. 8, 9 The matching of boundary conditions between the isotropic and the birefringent media can be taken care of exactly. Gu and Yeh then later extended this to the case of multiple layers, including the case of LCD modeling. 10 In the case of LCD's, one has to deal with waves propagating from one birefringent material to the next. The matching of boundary conditions cannot be done exactly as in the case of the 4 ϫ 4 matrix. Gu and Yeh's approach involved assuming fictitious zerothickness isotropic media between the birefringent plates. With use of the principle of reflection and refraction of waves between isotropic and anisotropic layers, the modeling of LCD's can be accomplished.
On the other hand, Lien proposed another form of the extended Jones matrix, where the effects of Fresnel refraction at the plate interfaces were accounted for by matching only the electric field boundary conditions. 11 A good agreement with the exact 4 ϫ 4 matrix was obtained. This method has been applied quite extensively in LCD modeling. However, this Lien extended Jones matrix neglected the reflected waves and assumed that only two transmitted waves were propagating in the liquid-crystal cell. Moreover, only the boundary conditions for the electric fields were considered. In a more recent, improved version, Lien introduced the ''new 2 ϫ 2 matrix,'' where both the magnetic field and electric field boundary conditions were taken into consideration. This was accomplished by obtaining the liquid-crystal Jones matrices with the use of electric field boundary conditions and magnetic field boundary conditions separately and then combining them in some manner. 12 The results showed an improvement over those from use of the original extended Jones matrix. In yet another approach, Lu and Saleh discussed a perturbation expansion of the 4 ϫ 4 matrix to obtain the extended Jones matrix as a first approximation. 13 However, no detailed calculations were performed.
In this paper we shall concentrate on a comparison of the accuracies of the Lien extended Jones matrix and the Yeh extended Jones matrix in approximating the exact 4 ϫ 4 Berreman matrix. Even though computing powers have improved to a point where computation time is generally not an issue for LCD modeling, we feel that it is still useful to discuss the physics of the extended Jones matrix and its appropriateness to LCD modeling. In particular, it should be interesting to compare the different approaches to boundary-condition matching. While Gu and Yeh assumed a fictitious isotropic layer between the birefringent plates, 10 Lien and Chen matched the boundary conditions from one birefringent plate to another directly. 12 It is believed that the Gu and Yeh approach is more intuitive. Boundary-condition matching is accomplished based on wave propagation and optical reflection and refraction in any anisotropic medium. However, in the original paper of Gu and Yeh, no detailed analytical expressions for the case of LCD modeling were given. 10 Additionally, approximations were made in some of the formulas that rendered them not too accurate and unsuitable for practical LCD modeling. In this paper we shall use the Yeh 2 ϫ 2 Jones matrix approach 8, 9 to obtain detailed general analytical expressions for modeling the optical properties of liquid-crystal cells at arbitrary incidence angles. As in the study of Gu and Yeh, we shall use the same assumption of fictitious zero-thickness isotropic layers to accomplish boundary-condition matching. 10 Detailed numerical results will be given for the case of 90°TN cells. We shall show that the Yeh extended Jones matrix is more accurate than both the earlier and the recent version of the Lien extended Jones matrix. Thus a fast and accurate approximation of the 4 ϫ 4 matrix can be used to model LCD optics.
In Section 2 we derive the generalized 2 ϫ 2 Jones matrix formulation of the uniaxial medium sandwiched between two isotropic media. In Section 3 we apply this generalized 2 ϫ 2 Jones matrix to the case of liquidcrystal cells at oblique angles of incidence. The analytical expressions of the transformation matrix for calculating the cell optical transmission are then derived. In Section 4 some special cases of the generalized Jones matrix are discussed. Boundary transformation matrices are then given in Section 5. Numerical comparisons of the exact 4 ϫ 4 matrix, the Yeh Jones matrix, and the Lien Jones matrix are presented in Section 6. Finally, Section 7 presents the conclusions.
GENERALIZED 2 ؋ 2 JONES MATRIX OF A UNIAXIAL MEDIUM BETWEEN TWO ISOTROPIC MEDIA
As usual, the liquid-crystal cell is treated as a stack of N birefringent plates, with each plate twisted slightly from the next. It is assumed that N is sufficiently large so that the optical axis can be regarded as constant within the plates. The main difference between the various approaches to LCD modeling lies in the way reflection and refraction are treated between the birefringent plates and in the matching of boundary conditions across the layers.
The main idea of the present approach is to assume a fictitious zero-thickness isotropic medium between the birefringent plates. If these layers are of zero thickness, they should not affect the physical properties of the LCD. To derive the formulas below, one can simply imagine these isotropic layers to be finite and let the thickness collapse to zero.
With such an approach, the wave propagation problem is reduced to finding the reflection and refraction behavior of light between an isotropic and a uniaxial medium. This is different from other approaches, where one has to match the boundary conditions between two anisotropic media. While this cannot be achieved directly, Lien accomplished it by averaging two Jones matrices, which are derived by matching electric field and magnetic field boundary conditions separately. 8 The application of a zero-thickness layer enables exact boundary-condition matching. The problem is simplified further if we assume that the isotropic medium has a refractive index n o that is the same as the ordinary index of the liquid crystal.
In the two isotropic media, one just needs to consider the s and p vectors of the incident wave. In the uniaxial medium, however, the light is represented by o and e waves. The refraction of light at the interface of the isotropic and uniaxial media can be written in matrix form as [11] [12] [13] 
(1)
In Eq. (1) E p and E s are the electric field components of the p and s vectors in the isotropic medium, and E e and E o are the electric field components of the e and o vectors in the uniaxial medium. R(p, e), R(s, e), R(p, o), and R(s, o) are the transformation coefficients of the respective vectors.
The transformation matrix for a wave propagating from an isotropic medium into a uniaxial medium and exiting to another isotropic medium is therefore given by
where J is the Jones matrix for this sandwich and is given by
In Eq. (2) R(e, p), R(o, p), R(e, s), and R(o, s) are the coefficients of the transformation matrix from the uniaxial medium to the isotropic medium. ez and oz are the two eigenvalues of the e and o waves in the anisotropic medium, and h is the thickness of that layer.
vectors in the exit isotropic medium. The coefficients of matrices R 1 and R 2 are given by [11] [12] [13] R͑p, e͒ ϭ R͑e, p͒ ϭ p • e,
therefore
This structure of the Jones matrix for the sandwich is quite useful in the analysis of the liquid-crystal cell optical characteristics. In Section 3 we shall make use of this matrix to derive the generalized Jones matrix of the twist cell with arbitrary director orientation and viewing angles.
GENERALIZED 2 ؋ 2 JONES MATRIX OF A LIQUID-CRYSTAL CELL AT OBLIQUE ANGLE OF INCIDENCE
If we consider the liquid-crystal medium as a stack of N homogeneous uniaxial plates, the total propagation matrix can be approximated as a product of propagation matrices of the kind discussed in Section 2:
where
Here J n is the Jones matrix of the nth layer as expressed in Eq. (2), and E 1p , E 1s and E Np Ј , E Ns Ј are the electric field's p and s components at the input and the output wave, respectively. In Eqs. (6) and (7), it is assumed that the isotropic layers do not introduce additional optical reflection, refraction, and phase retardation because of their zero thickness. Without any loss of generality, we can always choose the Cartesian coordinate system such that the incident light wave vector K i lies on the x -z plane and the x -y plane is parallel to the substrate surface. Figure 1 shows the geometry of the system, and Fig. 2 shows the relationship between the various vectors on the surface plane of the liquid-crystal cell. D 1 and D 2 are the input and output director orientations. P 1 and P 2 are the polarizer and the analyzer. The direction of the ϩz axis points from the entrance polarizer to the exit analyzer. The input director of the liquid-crystal cell, D 1 , is at an angle of to the x axis. All the other angles are referenced to this input director. The total twist angle of the liquid-crystal cell is ⌽. The polar angle of the optical axis of the first birefringent plate relative to the x axis will be 1 ϭ , and that of the last plate will be N ϭ ϩ ⌽. If no voltage is applied to the LCD, n changes linearly so that the twist angle between adjacent birefringent plates will be ⌽/(N Ϫ 1). In general, n should be obtained numerically by minimizing Frank's energy in the presence of an electric field. 14, 15 Suppose that the incident light impinges on the x -z plane at an oblique angle o ; then K i is given by
The s and p vectors in the fictitious isotropic medium in any layer are always constant and can be expressed as
The wave vectors of the e and o waves in the nth birefringent layer are given by
e is the refractive angle of the e wave in the uniaxial medium, and n e ( e ) is the refractive index of the e wave along the e direction. We have chosen the refractive index of the fictitious isotropic medium to be n o , so that there is no refraction for the o wave. Now the director orientation in the nth layer is given by D n ϭ ͓cos n cos n sin n cos n sin n ͔, (15) where n is the polar angle and n is the tilt angle of the liquid-crystal director in the nth layer. The unit o vector in the uniaxial medium is given by 
In Eqs. (16) and (17) the normalization constants A o and A e are given by 
The two eigenvalues in the uniaxial medium are given by
Finally, the elements of the transformation matrix R 1 can be obtained as
Thus all the parameters of the Jones matrix can be expressed in terms of the liquid-crystal cell parameters and the incidence light angles. We can now use the above equations to calculate the optical properties of any LCD at any incidence angle.
SOME SPECIAL CASES
There are many cases where the generalized 2 ϫ 2 Jones matrix derived above can be reduced to the standard expressions. We first examine these special cases before performing full calculations of light transmission for general STN liquid-crystal cells.
A. Normal Incidence
In this case ϭ 0 and o ϭ 0; thus e ϭ 0. Then we have
which is simply the rotation Jones matrix, and are the eigenvalues. It can be shown easily that Eq. (6) will simply lead to the ordinary Jones matrix as presented in many previous papers. 13, 16 In particular, it can be shown that the representations of Eqs. (6) and (7) are equivalent to the expressions given by Lien in Ref. 11.
B. Liquid-Crystal Cell with Small ⌬n
In this case we assume that n e Ϸ n o and e Ϸ o ; thus
C. Liquid-Crystal Cell with No Twist and Nonuniform Tilt Angle at Normal Incidence
In this case n ϭ 0 and o ϭ 0, but n is still allowed to vary. This will be the case, for example, in hybrid aligned nematic cells, pi-cells, etc. From Eq. (18) we have
The transformation matrix becomes the unity matrix
and
The Jones matrix can then be written as
where d is the thickness of the liquid-crystal cell. This is simply the Jones matrix of a retardation plate.
D. Liquid-Crystal Cell with No Twist and Uniform Tilt Angle
This is a uniform homogeneously aligned electrically controlled birefringence cell. In this case, if we vary o but keep ϭ 0, then
The Jones matrix is given by (40) which is again the Jones matrix of a retardation plate. It follows that when ⌿ 1 ϭ Ϫ45°and ⌿ 2 ϭ ϩ45°, the intensity distribution of the output light can be expressed as
This result is the same as that usually used for the measurement of the pretilt angle of a parallel aligned liquidcrystal cell.
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AIR-POLARIZER-GLASS-LIQUID-CRYSTAL BOUNDARIES
To completely formulate the problem of calculating the transmission of the liquid-crystal cell at oblique angle of incidence, we still need to take into account the airpolarizer-glass-liquid-crystal boundaries. The transformation matrix for all the interfaces at the entrance plane is given by Ј and E air s Ј are the electric field components in the air at the exit side. The final output intensity can be found to be
Equation (49) is slightly different from the expressions given in Refs. 7 and 8. The reason is simply that the p and s components are used as the input electric field.
SIMULATION RESULTS AND COMPARISON WITH OTHER METHODS
Results of LCD cell simulations with use of the exact 4 ϫ 4 matrix, the Lien extended Jones matrix, and the Yeh 2 ϫ 2 Jones matrix as formulated in this paper are presented here for comparison. We shall consider the case of a 90°TN LCD with E-70 as a specific example, though the generalized Jones matrix method should apply to LCD's with any twist angle. The cell parameters for this particular calculation are listed in In all the figures, the label 4 by 4 refers to the exact 4 ϫ 4 matrix, 2 by 2 refers to the older version of the Lien extended Jones matrix, 11 m 2 ϫ 2 refers to the new Lien extended Jones matrix, and New 2 by 2 refers to the Yeh Jones matrix as formulated in this paper. Figure 3 shows the results of cell transmission as a function of viewing angle. No voltage is applied to the cell in these calculations. The polar angle is fixed at 0°. The results therefore show the dependence of the transmission on the azimuthal angle . Figure 4 shows the errors of the extended 2 ϫ 2 methods as compared with that of the 4 ϫ 4 method. It can be seen that in all cases the errors are less than 0.4%. The differences between the various extended Jones matrices are not great. The maximum transmission of 45.3% at normal incidence for this display is predicted by all three calculations and is due to Fresnel reflection loss from the interfaces. Figure 5 presents similar results for the case of ϭ Ϫ45°. Figure 6 shows the errors of the extended 2 ϫ 2 Jones matrix methods as compared with that of the exact 4 ϫ 4 matrix. In all cases it can be seen that the errors are less than 0.5% for incidence angles smaller than 40°. However, the old Lien extended Jones matrix shows large errors of over 2%-3% at angles larger than Figure 7 shows the simulation results for a polar angle of ϩ45°. The azimuthal angle is varied as in the previous cases. Figure 8 shows the errors of the 2 ϫ 2 methods as compared with that of the 4 ϫ 4 method. It can be seen that in all cases the errors are less than 0.8% in the range of angles studied. In some cases the Lien extended Jones matrix is better, while in other cases the Yeh extended Jones matrix is better. Figures 3-8 were generated for V ϭ 0. For the sake of completeness, dynamic simulation with an applied voltage was also performed. The director deformation is first calculated by using the hydrodynamic equations. The Euler-Lagrange equations for the director deformation were solved to give the director angles (z) and (z) for all values of z inside the liquid-crystal cell for any value of applied voltage. 21 The transmission is then calculated by dividing the LCD cell into sections as in the case of zero applied voltage. In this calculation the viewing angles are fixed, and the applied voltage is varied to obtain the complete transmission-voltage characteristics.
The transmission as a function of the applied voltage for the viewing angles of ( , i ) ϭ (0°, 0°), (0°, 22.5°), (0°, 45°), (Ϫ180°, 22.5°), and (Ϫ180°, 45°) of a 90°TN cell were calculated and are shown in Fig. 9 . Comparing the three sets of curves in Fig. 9 , one can see that the results obtained from all three methods are very close to each other. Figure 10 shows the absolute errors of the extended Jones matrices relative to that of the 4 ϫ 4 matrix method as calculated in Fig. 9 . It can be seen that the Yeh extended Jones matrix is dramatically more accurate than the extended Jones matrix in approximating the exact 4 ϫ 4 matrix method.
In all cases the maximum error occurs near the Frederick transition voltage, which is near 2 V in the present situation. In Fig. 10 the dashed curves represent the old Lien extended Jones matrix. It is seen that the absolute error can be as high as 0.7%. The dotted-dashed gray curves are results for the new Lien Jones matrix. The maximum error has reduced to 0.3%. For the Yeh Jones matrix as formulated here, the maximum error is less than 0.05%, which is remarkable. For all intents and purposes, the Yeh extended Jones matrix is identical to the 4 ϫ 4 Berreman matrix in modeling the LCD. In this dynamic calculation, a 2 ϫ 2 approximation to the 4 ϫ 4 matrix is necessary because of the vast amount of calculations involved. Even with a fast computer, Fig. 9 took a long time to generate, especially for the 4 ϫ 4 case. Thus the power of the extended Jones matrix is clearly demonstrated.
CONCLUSIONS
In this paper we have presented a detailed formulation of the Yeh extended 2 ϫ 2 Jones matrix representation for TN LCD's at oblique angles of incidence. The boundarymatching conditions are taken care of by optical reflection and refraction from fictitious isotropic layers between the birefringent plates. This method is rather intuitive and can be used to calculate the viewing angles of LCD cells. An extension of this method to some special cases was also given.
We have also performed numerical comparisons of this Yeh extended Jones matrix and the Lien extended Jones matrix in both its earlier and its more recent renditions. It is shown that numerical results of these 2 ϫ 2 extended Jones matrices, as compared with those of the exact 4 ϫ 4 matrix, are quite favorable. In most cases the errors are generally quite small. From the numerical results, it was also seen that the Yeh formulation is generally better in accuracy than the Lien formulation.
The Yeh extended Jones matrix can yield numerical results that are very close to the exact 4 ϫ 4 values. This method is fast, direct, and simple. It is also physically more intuitive, with all the electric field and magnetic field boundary conditions taken into account implicitly. The employment of fictitious zero-thickness layers indeed simplifies the physical picture considerably. When combined with the parameter space representation method, 22 this extended Jones matrix method can be used to design and optimize TN and STN LCD's. In particular, both transmittive and reflective LCD's [23] [24] [25] can be modeled accurately.
Finally, it should be noted that the extended Jones matrices of Yeh and Lien are approximations of the exact 4 ϫ 4 Berreman matrix. There are also other formulations of the 4 ϫ 4 matrix that may be amenable to approximations. 26 The relationship between the extended Jones matrices and these other 4 ϫ 4 formulations may be of further investigative worth as well. 
